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1 Introduction

Statistical inference often relies on convenience assumptions, for instance a
regression model with normal errors or a specific likelihood in Bayesian analy-
sis. Model misspecification refers to the common situation where these assump-
tions are at least slightly wrong. For example, the true data-generating process
might have heavier tails than assumed, heteroscedastic variance, omitted non-
linear effects, or other deviations from the data generating model (Huber,|1967)).
When the model is misspecified, standard inferential formulas (like model-based
standard errors and confidence intervals) can misrepresent the true uncertainty
(Knight|, [2000). The model-based standard errors that are derived under the
assumption that the model is correct may underestimate or miscalculate the
sampling variance of estimators if those model assumptions do not hold (e.g.,
‘Whitel |1980; Imbens and Rubin, [2015)).

This issue matters because in practice models are almost never exactly cor-
rect (Box, [1976). If we ignore model misspecification, we risk reporting confi-
dence intervals or p-values that are not valid in reality. For example, an ordi-
nary least squares regression assumes constant error variance and independent,
normally distributed errors; if in reality the errors are heteroskedastic or non-
normal, the usual SE(B) formula from the regression output is no longer reliable.
The consequences are that our inferential statements, such as “coefficient 3 is
significantly different from 0 at 95% confidence,” might be wrong more often
than advertised. Thus, robust uncertainty quantification is needed to account
for the discrepancy between our model and reality. Tools like robust variance
estimators (Huber, [1967; White, [1980) and the bootstrap (Efron, [1982)) were
developed to address this gap.

Model misspecification can manifest in several distinct ways, each affecting
inference. Distributional assumption errors arise when we posit a specific
distributional form for errors (e.g. normality) that the data do not actually
follow. Coefficient estimates in a regression (such as OLS) remain unbiased
under these violations, but the usual standard error formulas become incorrect,
which can make t-tests and confidence intervals misleading (Kutner and Neter]
2004). For example, one might fit Y; = By + 81 X; + ; assuming &; ~ N(0,02),
but if the residuals are heavily skewed or have longer tails (as with income data),
the nominal 95% intervals will not have 95% coverage.



Another common problem is omitted variable bias: if an important pre-
dictor is left out of the regression, its effect is absorbed by the error term. This
can bias the estimator B even as n — 0o, because the omitted factor induces
correlation between X and e (Kutner and Neter, [2004)). In such cases, robust
standard errors may adjust the variance but cannot correct the bias in the co-
efficient estimates. For instance, regressing wage on education while omitting
work experience will bias the education coefficient, since experience is related
to both education and wage.

A related issue is functional form misspecification. If we force an incor-
rect functional form (say, a linear model when the true relationship is nonlinear),
the result is systematic patterns in the residuals and biased, inconsistent esti-
mates (Kutner and Neter], |2004). Continuing the previous example, if the true
model is Y = a + $1X + $2X? + u (quadratic in X) but we fit a linear model
Y = a+ 1 X + u, the fitted line will systematically miss the curvature, leading
to biased Bl and residuals that violate model assumptions.

Even when the mean structure is correct, distributional assumptions about
variability can go wrong. Heteroskedasticity refers to the case when Var(s;)
changes with X, violating the constant-variance assumption. OLS coefficient
estimates remain unbiased but are no longer maximally efficient, and the usual
variance formula Var(3) (which assumes homoscedasticity) is inconsistent. Con-
sequently, naive standard errors are too small or too large; tests and intervals
based on them will be invalid unless we use a heteroskedasticity-robust (sand-
wich) estimator. A typical example is a regression of house prices on size: larger
homes tend to show greater variability in prices, so the residuals from a simple
linear model will have increasing variance with X.

Similarly, dependence or clustering of observations breaks the indepen-
dence assumption. If correlated observations are treated as independent, the
standard error will be underestimated. Coefficient estimates B may still be un-
biased (assuming exogenous regressors), but the inference is overly optimistic
with inflated Type I error. For example, consider test scores of students where
multiple students come from the same school (clusters): their outcomes share
unobserved school-level effects, so a naive regression ignoring school clusters will
underestimate the true uncertainty of estimated effects. Cluster-robust variance
estimators are needed in this case to obtain valid inference.

In summary, there are myriad ways in which a model can be misspecified,
and in all these scenarios the usual inference procedures break down. This is why
robust alternatives like the sandwich variance estimator and the bootstrap have
become essential tools for empirical researchers. In the classical (frequentist)
framework, these methods provide a safety net: they yield standard errors that
remain consistent for the true variability of B even if the model is wrong.

In the Bayesian context, model misspecification is also a concern. Bayesians
interpret standard deviations of the posterior as a measure of uncertainty, but
this measure is conditional on the model being correct. If the model is wrong,
the posterior spread might not reflect how variable the estimator would be under
the true data-generating process (Sriram et al.| 2015; |Yang and He| [2016). In
other words, the Bayesian posterior variance does not necessarily coincide with



the frequentist variance of an estimator when the model is misspecified or the
target parameter is non-smooth (Syring and Martinl 2019). Recent studies have
highlighted the importance of evaluating the frequentist variability of Bayesian
estimators under possible model misspecification. For example, Giordano and
Broderick| (2024)) argue that the frequentist variability of Bayesian posterior ex-
pectations can provide a meaningful uncertainty measure even when the model
is misspecified. This perspective treats a Bayesian analysis as a black-box esti-
mator and asks: if we repeated the data collection and analysis many times, even
with a slightly wrong model, how variable would our posterior-based estimates
be? Answering this question requires methods beyond the standard posterior
variance, leading us toward more robust approaches such as the infinitesimal
jackknife (described below).

2 Robust Standard Errors and the Bootstrap

Two widely used approaches for obtaining more reliable standard error es-
timates under model misspecification are robust variance estimators and the
bootstrap.

Robust standard errors. In classical statistics, the robust (sandwich) variance
estimator provides valid inference for parameter estimates even when standard
model assumptions (e.g. homoscedasticity or correct likelihood specification) are
violated. This approach was formalized by White| (1980) for linear regression
models and generalized through the theory of M-estimators by Huber| (1967)).
It is often referred to as the “sandwich” estimator.

The term “sandwich” derives from the matrix expression of this variance
estimator: -

Var(f) = A"'BA™!,
where A is the estimated Hessian (information matrix) and B is the empirical
outer product of the gradient contributions. A reflects the curvature of the ob-
jective function under the assumed model, while B captures the actual observed
variability of the scores. By “sandwiching” B between the inverse information
matrices A~!, one obtains a variance estimator that remains consistent even if
the likelihood is misspecified, provided the model yields consistent parameter
estimates and standard regularity conditions hold.

This sandwich estimator is thus model-agnostic to first order: rather than
relying entirely on parametric assumptions, it leverages the empirical distri-
bution of the residuals to correct the naive model-based uncertainty. Robust
standard errors are widely adopted—for example, in ordinary least squares with
heteroskedastic errors, in generalized linear models, and in generalized estimat-
ing equations for longitudinal data (Zeger and Liang, [1986]).

However, robust standard errors are not without limitations. First, they
rely on large-sample approximations; in small samples, the sandwich variance
estimator can be biased or unstable, sometimes even overestimating variability
(MacKinnon and White, [1985). Second, robust SEs primarily address variance
misspecification and are not designed to correct estimator bias. For instance,



if a regression omits a key covariate, robust SEs may inflate the variance but
cannot remove the underlying bias in the coefficient estimate. Finally, imple-
menting robust SEs can require nontrivial analytical work, such as computing
gradients or Jacobians of estimating equations. In complex models, especially
those defined implicitly or fit via numerical optimization, this can be infeasible
or computationally expensive.

These limitations motivate the search for alternative uncertainty quantifica-
tion methods that retain robustness but are easier to implement. This leads to
approaches such as the bootstrap and, more recently, the infinitesimal jackknife.

Bootstrap. The bootstrap is a general and powerful resampling technique
that can estimate the sampling distribution of almost any statistic without re-
quiring an analytic formula. To get a bootstrap standard error, we repeatedly
resample datasets from the observed data (with replacement, typically of the
same size n), recalculate the estimator on each resample, and then take the stan-
dard deviation of those replicate estimates. The bootstrap approximates what
would happen if we drew new samples from the true population by instead draw-
ing samples from the empirical distribution (the observed data). This method
is appealing because it is largely model-free and works for very complex estima-
tors where deriving an analytic variance might be impractical. The bootstrap
is often taught as a go-to method for variance estimation when one is unsure
about parametric assumptions.

While very general, the bootstrap also has downsides. The most obvious
is computational cost. We may need dozens, hundreds, or even thousands of
resampled analyses to get a stable estimate of the variance. If each analysis is
expensive, the bootstrap can be prohibitively slow. For example, in a Bayesian
analysis via MCMC, running a full bootstrap might require re-running the en-
tire MCMC for many different bootstrap datasets, which is extremely time-
consuming. In large data settings or with complex machine learning models,
retraining the model for each bootstrap sample can be an order of magnitude
slower than a single fit. Another limitation is that the bootstrap, like any esti-
mation method, relies on sufficient sample size; for very small n, the bootstrap
distribution may not approximate the true sampling distribution well. Nonethe-
less, the bootstrap remains a staple for inference in many scenarios because of
its flexibility and generally reliable performance as n grows.

In summary, robust estimators and the bootstrap aim to account for model
misspecification or to avoid reliance on strict model assumptions. Each has
trade-offs: sandwich formulas are analytical and fast but require derivations
and large-sample justification, while the bootstrap is easy to apply conceptually
and works for virtually any statistic but can be computationally intensive. In
practice, one often seeks methods that combine the strengths of both—methods
that are general and robust like the bootstrap, but faster and more analytical
like the sandwich. Omne such method is the infinitesimal jackknife (1J), which
we introduce next. Notably, in Bayesian settings where re-fitting models many
times is especially costly, a method like the 1J is particularly attractive.



3 The Infinitesimal Jackknife (1J)

The infinitesimal jackknife is an analytic technique for estimating variance
(and other sampling error measures) that builds on the classical jackknife and
the concept of influence functions from robust statistics. To unpack this, recall
the classical jackknife: given an estimator 6 computed on n observations, the
jackknife method involves systematically leaving out one observation at a time
and recomputing the estimate (Efronl [1982)). That is, for each i = 1,...,n,
one calculates é(,i) using all data except observation i. These leave-one-out
estimates can be used to assess the estimator’s variability or bias. For instance,
the jackknife variance estimate is proportional to the sample variance of the
é(_i) values. The jackknife is a deterministic approximation to the bootstrap
(it doesn’t involve random resampling) and often yields reasonable variance
estimates for smooth estimators. However, it too can be tedious for large n
(requiring n re-computations of the estimator) and, for some non-smooth esti-
mators, the jackknife variance can be inconsistent.

The infinitesimal jackknife (IJ) takes the jackknife idea to the limit of an
“infinitesimally” small leave-one-out. Instead of removing one whole observa-
tion, we imagine down-weighting an observation by an infinitesimal amount and
seeing how the estimate changes in response. The 1J formalizes this by consid-
ering the derivative of the estimator with respect to observation weights. This
derivative is exactly what robust statistics calls the influence function (formally
defined in the Appendix). The influence function IF(z; T, F') measures the im-
pact of an infinitesimal contamination at point  on the estimator T'(F'), which
represents our target parameter as a functional of the population distribution
F. Roughly speaking, if IF(x) is large in magnitude for some z, it means that
observation has a strong influence on the estimate. The IJ method uses these
influence function values for each data point to compute the variance of the
estimator, instead of actually re-fitting the model multiple times.

In effect, the 1J provides an analytic approximation to what the bootstrap
or jackknife would yield. It has been described as a “linear approximation”
to those resampling procedures. Historically, the infinitesimal jackknife was
treated as a theoretical tool to derive asymptotic variance formulas Efron| (1982),
but recent developments have turned it into a practical method for large-scale
problems. For example, (Giordano and Broderick| (2024) dub it the “Swiss Army
infinitesimal jackknife,” showing that with modern automatic differentiation one
can apply 1J ideas to a variety of machine learning models to drastically speed
up cross-validation and bootstrap-type analyses. The key point is that the 1J
is model-agnostic like the bootstrap (since it uses empirical derivatives rather
than assuming the model form) and it avoids repeated re-fitting by leveraging
a single fitted model and its local sensitivities. By computing the influence of
each data point on the estimate, one can get the variance from one run of the
model, as opposed to many runs for many resamples.

The IJ thus bridges between the robust sandwich estimator and the boot-
strap. Like the sandwich method, it relies on analytical derivatives and thus is
fast once those derivatives are obtained. Like the bootstrap, it does not assume



the model is correct—it operates even under misspecification, aiming to capture
the true sampling variance of the estimator. Next, we describe how the 1J works
mathematically and illustrate its use in practice.

Mathematically, the IJ can be derived as a first-order Taylor approximation
to the ordinary jackknife. Suppose our estimator g arises as the solution to an
estimating equation

Z w('r’u é) = 0)
i=1

where 9 (z;, 0) is the contribution of the ith observation to the estimating equa-
tions (for instance, 1(x;,0) = 2;(y; — ;] §) for OLS). Denote

1< R
A= E ;80¢($i76)7

the empirical Jacobian (derivative of the estimating equations with respect to
), and

the score contributions at the solution. Under regularity conditions, the Gateaux
derivative of the functional defining 6 yields the influence function:

IF(zs;0) = — A~y

which measures the first-order effect on  of an infinitesimal downweighting of
observation ¢ (Huber, |1967)). Intuitively, if |IF(x;)| is large, then observation i
exerts a strong pull on the estimate.

Once the n influence values {IF(z;)}? , are computed, the 1J variance esti-
mator follows by taking their empirical variance:

@U(é) = %Z{IF(%’)P?

and hence the standard error is SEyy = L5 IF(z;)%. This formula is a

first-order Taylor approximation to the leave-one-out jackknife variance and,
under mild conditions, is asymptotically equivalent to both the full jackknife
and the bootstrap (differing only at order O(n~2)) (Efron, 1982; Giordano and
Broderick, [2024]).

A small adjustment is needed to apply the IJ in the clustered setting. The
standard 1J formulas assume independent observations; under clustering, one
can derive a cluster-robust IJ by treating entire clusters as the units of resam-
pling. In practice, this means aggregating the influence functions at the cluster
level. We implement a cluster-1J by computing

IF; = —A7" ) (2y;,0),

i€Cy



where C} is the set of observations in cluster j, and then taking Zle IFjIF;r
as the variance estimator. This is analogous to how one computes cluster-robust
sandwich variances by summing cluster-wise score contributions.

From a practical standpoint, the 1J is appealing in modern statistical work:
once a single model fit has produced 6 along with the gradients 1; and the Ja-
cobian A, no further refitting is necessary. In computational environments that
support automatic differentiation, these derivatives can be obtained transpar-
ently, making the IJ a scalable and nearly turnkey solution for robust variance
estimation in high-dimensional or complex models (Giordano and Broderick]
2024)).

To illustrate the use of the 1J in a familiar setting, consider an ordinary least
squares regression. After fitting

b= angmin Y (0 )
=1

we obtain the residuals r; = y; — :v;'—B and the design matrix X = [z],...,2]T.

The score contributions for this model are

V(s B) = 74,

and the empirical Hessian (Jacobian of the score equations) is

1+
A= - Z TiTy -
i=1
By inverting A, we can form the influence values for each observation:
IF(zi; 8) = — A (i, B) = —A" ir.
The 1J variance estimator for B is then obtained by aggregating these influences:

Vary(B) = S TR (ris ) IF(ais )
i=1

so the 1J standard error for each component of 3 is the square root of the
corresponding diagonal entry of this matrix.

In more complex settings—such as generalized linear models or penalized es-
timators—the same recipe applies. One fits the model once, records any fitted
weights or intermediate derivatives needed to construct A, and then evaluates
the influence-function approximation. Modern automatic differentiation soft-
ware can compute these derivatives with little effort from the user (Giordano
and Broderick, [2024)). For example, in a Poisson regression for count data, the
weight matrix W = diag(j1;) (where fi; are fitted means) arises naturally in the
computation of A, and the score contributions take the form v; = (y; — fi;)z;.
After assembling A and {1;}, one again obtains the 1J variance by a simple
matrix-vector multiplication and summation.



To summarize, the practical steps for using the IJ are: first, fit the model
to obtain the point estimate and any auxiliary quantities (like weights or gradi-
ents); second, compute the Jacobian matrix of the estimating equations at the
solution; third, form the influence values for each observation by multiplying
the negative inverse Jacobian by each score contribution; finally, aggregate the
influence values (e.g. by taking an average of their outer products, as in the
formula above) to get the variance estimate. This procedure is both fast and
robust to moderate misspecification, sharing the model-agnostic advantages of
the bootstrap while avoiding its computational burden (Efron, |1982; [Huber]
1967).

4 Bayesian Infinitesimal Jackknife Standard Er-
rors

Bayesian analyses often rely on a convenient (working) likelihood to obtain
posterior draws for a target functional of interest. Under model misspecifica-
tion, posterior spreads need not match the frequentist sampling variability of the
posterior-based estimator, so credible intervals can be miscalibrated. It is there-
fore useful to quantify uncertainty by the frequentist variability of § = E(6 | D)
even when the likelihood is only approximate.

In Bayesian analysis, uncertainty is usually summarized by the posterlor
Given S draws {6*)}5_, from an MCMC run, the posterior mean § = §~! Zs .0
is a point estimate and the posterior covariance is

S
Var|g] = Z (6 — ) (6 — ).

Under correct specification, this (after appropriate scaling) coincides asymptot-
ically with the frequentist variance of 6. Under misspecification, however, the
posterior variance may not reflect the true sampling variability of 0.

The IJ method provides a robust alternative for estimating the sampling
variance of § from a single MCMC run. The idea is to study how § = E(§ | D)
changes under small perturbations to the data contribution in the log posterior.
Let ¢;(0) be the (working) log-likelihood contribution of observation ¢, and 7(6)
the prior. Introduce weights w = (wi,...,w,) in the weighted log-posterior
St wili(0) 4+ log m(0), with w; = 1 at the observed data. Define O(w) =E(0 |
D, w). The influence of observation i on 0 is the Gateaux derivative at w = 1,
which admits the posterior covariance identity

L=n- Covpost<9, Vo, logp(D | 6, w))‘ =n- Covpost(G, Zi(ﬁ)).

w=1

In practice, I; is estimated from the MCMC output via the sample covariance
between {#(*)}5_, and {¢;(#*))}5_,. Aggregating these influences yields the 1J



variance estimator

PG = N (Li-DI-1)7, f:nflznjfi,
] i=1

This estimator targets the frequentist sampling variance of 6 without additional
refitting, providing a sandwich-like correction based on posterior sensitivities.
In applications, this framework covers a wide range of Bayesian procedures
that use working likelihoods; specific models (e.g., quantile regression with an

asymmetric Laplace working likelihood) are special cases obtained by plugging
in their £;(0).

5 Simulation Study

5.1 Simulation Process

We conduct a Monte Carlo study to evaluate the finite-sample performance
of the IJ under two common misspecification scenarios: (i) clustered dependence
and (ii) heteroskedastic errors. The simulation is designed to test the 1J’s ro-
bustness in situations where conventional methods fail, while also benchmarking
it against three competitors: the naive (model-based) standard error, the robust
(sandwich) standard error, and the bootstrap.

In Scenario 1 (clustered dependence), data follow a hierarchical structure:

yij = 1+ 2z +uj + ey, uj ~ N(0,7%), e~ N(0,1),

for clusters j = 1,...,G and observations ¢ = 1,...,m per cluster. Here p =
72/(72 +1) is the intra-class correlation, which we vary at levels {0.1, 0.3, 0.5}.
The true coefficients are 5y = 1 and 1 = 2, so that any bias in estimates will
be due solely to model violations. Covariates z;; are generated as N(0,1) with
a within-cluster correlation Cor(z;;,x;;) = 0.3 to mimic shared cluster-level
features.

In Scenario 2 (heteroskedastic errors), the model is:

yi = 14 2x; + &5, gi ~ N(0,02), 07 =1+~a?,

with v € {0, 0.5, 1.0} controlling the severity of heteroskedasticity. The case
~ = 0 corresponds to homoskedastic errors (for validating coverage under correct
specification), while v > 0 introduces a variance pattern increasing with |z|,
similar to what arises in many economic data (e.g. larger income leads to more
variable expenditure). We generate z; ~ N(0,1) independently.



For the clustered designs, we vary the number of clusters G € {10, 50,100}
and cluster size m € {5,20}. This allows us to examine performance with a small
number of large clusters versus many smaller clusters. For the heteroskedastic
designs, we consider sample sizes n € {100,500,2000} to assess how quickly
methods approach their asymptotic behavior. In all simulations, we use R =
2000 independent replications to stabilize the Monte Carlo estimates.

Our analysis emulates an applied workflow where the form of misspecifi-
cation is unknown and must be detected. First, we perform diagnostic tests:
a likelihood ratio test for 72 = 0 in the clustered scenario (testing indepen-
dence), and a Breusch-Pagan test for heteroskedasticity. If a test significantly
rejects (o = 0.05), we apply the corresponding robust method (cluster-robust
or heteroskedasticity-robust) in addition to the naive method, and also compute
the 1J and bootstrap for comparison. If a test does not reject, we proceed with
the naive method and IJ to see if 1J is “safe” to use even when no obvious
misspecification is detected.

We evaluate the methods on four metrics for the slope estimate 3 (with true
value 2): (1) coverage probability of nominal 95% confidence intervals (ideally
0.95 if the method is unbiased); (2) the average 95% CI width (a measure of
interval precision); (3) the mean squared error of the standard error estimates,
E[(SEmethod — SEtrue)Q], where SEq,e is the Monte Carlo standard deviation of

f31 across simulations; and (4) the computation time of each method, to highlight
computational efficiency.

5.2 Simulation Results

In both scenarios, the 1J delivers a favorable trade-off between statistical
efficiency and computation. Under clustered dependence (Scenario 1), runtime
summaries and distributions show that the naive approach is fastest but ignores
dependence; the cluster bootstrap scales poorly as the number of clusters G
increases; and the cluster-1J remains nearly flat in G because it requires only a
single fit. Consistent with this, the mean 95% interval width decreases with G,
and cluster-1J yields the narrowest intervals in small-sample regimes, whereas
bootstrap and (cluster-robust) sandwich intervals are slightly wider. Coverage
results indicate that all methods approach nominal coverage as G grows; how-
ever, naive inference under-covers when G is small or intra-class correlation p is
high, while cluster-robust methods (including 1J) stay close to 0.95.

Under heteroskedasticity (Scenario 2), IJ again achieves competitive effi-
ciency with lower computational cost than the bootstrap at larger n, while the
naive method remains fastest by construction. Interval widths contract with
sample size, with IJ producing the narrowest intervals for moderate to large
n. Coverage is well-controlled by 1J and the bootstrap under mild to moderate
heteroskedasticity, and remains comparatively robust even when heteroskedas-
ticity is strong; in contrast, the naive method severely under-covers at small n.
Overall, the results support 1J as a practical default for robust uncertainty quan-
tification: it attains near-nominal coverage with tighter intervals than standard
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Average Runtime under Clustered Dependence
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Figure 1: Average runtime (log scale) in Scenario 1. The naive method
(blue) is fastest as it involves no resampling; cluster bootstrap (red) scales
poorly, with runtime increasing sharply as the number of clusters G grows;
the cluster-1J (green) has nearly constant runtime regardless of G (one model
fit), providing a huge speed advantage for large G.

robust alternatives and markedly better computational scaling than bootstrap-
based procedures.

6 Discussion

Our results suggest that the infinitesimal jackknife (IJ) is a practical op-
tion for uncertainty quantification under model misspecification. It preserves
the model-agnostic spirit of the bootstrap but requires only a single fit, which
is useful when re-fitting is costly, such as with MCMC. In both the clustered
and heteroskedastic settings, IJ produced intervals with coverage close to the
nominal level and widths that were comparable to, and often smaller than,
those from the sandwich and the bootstrap, while keeping runtime low and sta-
ble. The method is, however, a first-order linear approximation. Its accuracy
can degrade with severe nonlinearity, very influential observations, a very small
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Runtime under Clustered Dependence
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Figure 2: Runtime distribution (log scale) in Scenario 1. Points (jittered)
show individual runs; short horizontal bars mark the median and vertical lines
mark the interquartile range. The naive method (blue) remains fastest; the
cluster-1J (green) scales nearly flat in G (single fit); the cluster bootstrap (red)
grows rapidly with G.

number of clusters, or highly non-smooth targets (e.g., extreme quantiles) (Hu-
[1967; [Efron, 1982). For Bayesian analyses based on a working likelihood,
such as asymmetric Laplace quantile regression, 1J standard errors tended to
be better calibrated than raw posterior spreads under misspecification, in line
with recent recommendations to assess the frequentist variability of posterior
functionals (Sriram et al.l [2015} [Syring and Martin, [2019; |Giordano and Brod-|
. In practice, we recommend fitting once, computing IJ (with cluster
aggregation when needed), and, for critical applications, validating with a small
pilot bootstrap. Extensions to time-series dependence (HAC-style 1J), penal-
ized and high-dimensional estimators, and small-sample calibrations are natural
next steps.
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Average Cl Width under Clustered Dependence
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Figure 3: Mean 95% CI width in Scenario 1. Confidence intervals shrink as
the number of clusters G increases (more information). The cluster-1J (green)
yields the narrowest intervals in small-sample settings, indicating higher ef-
ficiency, while the bootstrap (red) and sandwich (blue) intervals are slightly
wider.
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Coverage Probability under Clustered Dependence
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Figure 4: Coverage probability in Scenario 1. The dashed line marks the
nominal 0.95 level. As G increases, all methods approach nominal coverage.
The naive method (blue) under-covers when the number of clusters is small or
the intra-class correlation p is high, whereas the cluster-robust methods (IJ in
green, bootstrap in red, and sandwich in blue when adjusted) maintain coverage
closer to 95%.
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Average Runtime under Heteroskedasticity
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Figure 5: Average runtime (log scale) in Scenario 2. Here, the 1J (green)
involves computing derivatives but still requires only one model fit, making it
faster than the bootstrap (red) for larger n. The naive (blue) is fastest as it
assumes homoskedasticity. Runtime is relatively insensitive to sample size n for
all methods shown (note the log scale).
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Average Cl Width under Heteroskedasticity
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Figure 6: Mean 95% CI width in Scenario 2. Interval width contracts
with larger n. The IJ (green) yields the narrowest intervals for moderate to
large samples; bootstrap (red) and robust (blue) intervals are slightly wider on
average, reflecting the 1J’s greater efficiency in utilizing the data.
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Coverage Probability under Heteroskedasticity
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Figure 7: Coverage probability in Scenario 2. For mild to moderate het-
eroskedasticity (v = 0.5), both IJ (green) and bootstrap (red) maintain coverage
close to 0.95 even at smaller n. When heteroskedasticity is strong (v = 1.0),
the naive method (blue) under-covers severely for small samples, whereas the
robust methods control coverage relatively well, especially as n grows.
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Appendix: Technical Definitions and Derivations

A Concepts

A.1 Influence Functions

Definition: An influence function provides a way to measure how an individual
data point affects a statistical estimator. Given a distribution F', the influence
function of an estimator T'(F') at the point x is defined as:

[F(2: T, F) = lim L= OF +cdr) = T(F)

e—0 €

where 0, is a distribution that puts all its mass at x. Intuitively, I F(z; T, F')
describes the first-order effect on the estimate T'(F) of placing an infinitesimal
proportion of probability at the point x.

Influence functions are closely tied to the concept of robust statistics. In
robust statistics, an estimator is considered robust if its influence function is
bounded—meaning that no single observation can have an arbitrarily large in-
fluence on the estimate. Moreover, influence functions allow for direct estimation
of an estimator’s variance using the relationship:

1
v, = EE[IF(I;T, F)?,

where the expectation is taken with respect to the true distribution F. This
forms the basis of robust (sandwich) standard errors, which are estimated using
the empirical variance of the influence function values across the sample.
Why are influence functions needed? They provide several key benefits.
First, they allow estimation of standard errors without relying on strict para-
metric assumptions (such as homoscedasticity or normality of errors). Second,
they offer a clear measure of estimator sensitivity, helping to identify outliers or
influential points. Third, they underpin robust standard error formulas, which
remain valid even in the presence of heteroskedasticity or certain other forms of
misspecification.

Relationship to robust standard errors: Influence functions are the the-
oretical foundation for robust standard errors. By calculating the influence of
each observation on the estimator, we can measure the variability of the esti-
mator without assuming constant variance. Specifically, the robust (sandwich)
variance estimator is obtained by essentially taking the empirical variance of
the influence function values:

l — .
SE? =N JF(z;;T,F)?
TLZ (l‘, 9 )7

robust —
i=1

where F' is the empirical distribution of the observed data. This is exactly the
form of the infinitesimal jackknife variance estimator described in the main text.
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A.2 Robust Standard Errors

Definition: A robust standard error is an uncertainty estimate for an estimator
that remains valid even when certain model assumptions are violated. For
example, in a regression Y = X + ¢, the conventional standard error formula
for /3’ assumes homoscedastic and uncorrelated errors. A robust standard error
formula, by contrast, does not assume Var(e;) is constant.

Formally, the robust (White-Huber) variance estimator for f in the linear
model can be written as:

Varrobust (8) = (XTX)~ (Zm 2)XTX)

where 7; are the OLS residuals. This is a special case of the sandwich formula
A"'BA~! mentioned in the main text.

Why are robust SEs needed? They are essential when model assumptions
(like equal variance or independence of errors) are questionable. Using stan-
dard errors derived under false assumptions can lead to underestimating uncer-
tainty—yielding overly optimistic (too narrow) confidence intervals and overly
liberal hypothesis tests (Type I error inflation).

Relation to the bootstrap: The bootstrap offers a non-parametric way to
estimate standard errors by resampling the data. Interestingly, robust standard
errors and the bootstrap are often in close agreement. Both aim to approxi-
mate the true sampling variability of an estimator without relying on strong
parametric assumptions. In fact, robust SEs can be seen as a linear approxi-
mation (via the influence function) to the full resampling distribution that the
bootstrap would generate. The robust SE formula effectively linearizes the es-
timator and then assesses variability, whereas the bootstrap empirically builds
the distribution of the estimator by resampling. When n is large and the es-
timator is relatively smooth, the robust SE and bootstrap SE usually coincide
(up to simulation error in the bootstrap).

A.3 Jackknife and Infinitesimal Jackknife

Jackknife: The jackknife is a resampling technique that estimates the vari-
ability of a statistic by recomputing it on leave-one-out subsets of the data.

Given an estimator § = T({z1,...,2n}), the jackknife produces n replicates
O—iy =T({r1,...,2i—1,Tiy1,.-.,Tn}). The jackknife estimate of variance is
— N n—1x=~/x _ 2
Varjackknife(a) = n Zl (9(—1) - 0()) )

where ) = 13" | é(,i).

Infinitesimal jackknife: The infinitesimal jackknife takes the idea of the jack-
knife to the infinitesimal limit. Instead of removing one observation entirely, it
considers down-weighting each observation by an infinitesimal amount. The

20



influence function formalism (see above) is used to derive the effect of this in-
finitesimal change. The 1J variance estimator is then

— . 1 <& .
Varyy(0) = - Y IF(xiT, F)?,
i=1

which as noted is asymptotically equivalent to the jackknife and bootstrap under
regularity conditions. The 1J is computationally appealing because one can often
obtain IF(z;; T, F) in closed form (or via automatic differentiation) without
performing n separate fits.

A.4 Bayesian Quantile Regression

Background: Quantile regression (Koenker and Bassett, 1978|) seeks to es-
timate conditional quantiles of Y given X = z. The 7-quantile function is
defined implicitly by P(Y < Q. (Y|z) | X = ) = 7. In a linear quantile regres-
sion model, one assumes Q. (Y | X = x) = 2 B(7) for some unknown coefficient
vector (7). The classical (frequentist) estimator of (1) is obtained by solving:

n
rnénsz(yl - x:ﬁ)a
i=1

where p(u) = u[r — I{u < 0}] is the check loss.

Bayesian approach: [Yu and Moyeed (2001) noted that if one assumes y; |
z;, 8,0 ~ AL(z, 3, 0,7) (an asymmetric Laplace distribution with location z, 3,
scale o, and asymmetry 7), then the maximum likelihood estimate coincides
with the quantile regression solution. This makes the AL likelihood a convenient
“working” likelihood for Bayesian quantile regression. Omne puts a prior on
(8,0) and uses the AL likelihood, obtaining a posterior that can be sampled via
MCMC. Importantly, however, the AL likelihood is not true generative model
for y; | z; in general—it is chosen for computational convenience. Thus, the
model is typically misspecified (unless the true y; | z; distribution just happens
to be AL).

Posterior vs. sampling variance: Under this misspecification, the posterior
for B(7) will still concentrate around the “quasi-true” value (the minimizer of
the check loss), but the posterior credible intervals can be poorly calibrated as
confidence intervals. The 1J procedure described in the main text provides a way
to get frequentist-valid standard errors from the Bayesian output. Essentially,
it acknowledges that the AL likelihood was just a device to get an estimate, and
uses the variability of the score (influence) contributions to assess uncertainty.
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